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ABSTRACT 

The  performance  of  several  beamlike  dynamic  vibration  absorbers  is 
analyzed  and,  in  one  case,  confirmed  by  experiment.  The  dynamic  absorbers 
are  employevl  to  suppress  the  transmissibi 1 ity  at  resonance  across  a simple  j 

mass-spring  vibrator,  a stanchion,  and  a simply  supported  rectangular  panel. 

The  absorbers  comprise  either  single  or  double  cantilever  beams  that  are 
mass  loaded  at  their  free  ends,  or  c lamped- c lamped  beams  that  are  centrally 
mass  loaded.  Generally,  the  beams  provide  both  the  absorber  stiffness  and 
damping--although,  once,  the  beams  are  considered  to  possess  little  damping, 
and  supplemental  viscous  damping  is  introduced  by  dashpots  that  link  the 
absorber  masses  to  the  vibrating  primary  system  of  concern.  Graphical  or 
tabular  design  information  is  specified  for  the  absorbers  in  each  situation 
considered.  Analyses  are  based  throughout  on  the  Bernoul 1 i -Tuler  beam  and 
thln-plate  theories  without  simplification.  In  several  of  the  situations 
analyzed,  transmissibi 1 ity  curves  are  calculated  to  emphasize  that  the 

beamlike  absorbers  are  broadly  effective.  ' 
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INTRODUCTION 

The  behavior  of  beamlike  dynamic  vibration  absorbers  has  been  investigated 
theoretically  and,  in  one  case,  experimentally.  The  dynamic  absorbers  have 
been  tuned  initially  to  suppress  the  transmissibility  at  resonance  across  the 
one-degree-of- freedom  undamped  primary  system  pictured  in  Fig.  1.  Here,  a 
dynamic  absorber  of  mass  comprises  a mass-loaded  double  cantilever  beam  (the 
beam  provides  both  the  absorber  stiffness  and  damping)  that  is  attached  to  a 
vibrating  item  of  mass  . This  primary  mass  is  excited  by  a sinusoidally 
varying  force  F^,  as  in  Fig.  1(a),  or  by  a sinusoidally  varying  ground  displace- 
ment Xj,  as  in  Fig.  l(b).^  In  both  cases,  resonates  on  resilient  members  of 
total  stiffness  K^.  If  the  transmissibility  T across  system  (a)  is  defined 
as  the  magnitude  of  the  force  ratio  |2F2/Fjl,  and  if  the  transmissibility 
across  system  (b)  is  defined  as  the  magnitude  of  the  displacement  ratio 
Ix^/Xj I --then,  at  any  one  frequency. 


T = |2F2/Fj|  = \x^/x^\  , (1) 

where  2F2  is  the  force  transmitted  to  the  ideally  rigid  foundation  in  Fig.  1(a) 
and  x^  is  the  displacement  of  in  Fig.  1(b).  Thus,  the  results  of  a single 
calculation  of  transmissibility  have  dual  significance.  For  a vibrating  item 
of  machinery,  rarely  exceed  0.2;  whereas,  for  an  instrument 

mounting,  M2/MJ  might  be  as  large  as  0.5  or  1.0. 

An  alternative  dynamic  absorber  is  pictured  in  Fig.  2,  where  now  a 
centrally  mass- loaded  clamped- clamped  beam  is  rigidly  connected  via  its 

^Symbols  with  superior  tildes  denote  quantities  that  vary  sinusoidally  with 
time;  symbols  with  a star  superscript  represent  complex  quantities. 


terminations  to  the  mass  Mj  of  the  undampeil  primary  system.  The  beams  in 
Figs.  1 and  2 could  either  be  coated  with  damping  compound  or  could  be  made 
from  steel/viscoelastic  laminations,  because  such  laminates  can  be  produced 
with  the  relatively  high  damping  factors  needed  in  many  absorber  applications 
However,  for  those  cases  where  unusually  large  damping  is  required,  or  where 
it  is  not  feasible  to  utilize  coated  or  Isiminated  beams,  companion  analyses 
have  been  made.  Thus,  the  beams  of  the  systems  of  Figs.  1 and  2 have  been 
assvmed  to  have  only  slight  damping,  and  viscous  damping  has  been  introduced 
by  dashpots  that  link  the  concentrated  absorber  masses  to  the  primary  mass 
Mj  in  both  situations,  as  indicated  in  Fig.  3. 

The  effectiveness  of  beamlike  dynamic  absorbers  has  also  been  analyzed 

for  primary  systems  that  have  distributed  mechanical  properties.  For  e.\ample 

a single  mass- loaded  cantilever  absorber  has  been  applied  to  reduce  the  force 

transmissibi 1 ity  |F,/Fj1  at  resonance  across  an  end-driven  stanchion  of  mass 

M,,,  as  in  Fig.  dial.  In  addition,  a double  mass-loaded  cantilever  absorber 

has  been  applied  to  reduce  the  force  transmissibility  at  resonance  across  a 

simply  supported  panel  of  mass  as  shown  in  cross  section  in  Fig.  4(b'). 

Here,  the  force  is  applied  to  the  panel  at  any  arbitrary  location,  and  the 

transmitted  force  F,  comprises  four  concentrated  forces,  one  at  each  panel 

■y 

corner,  plus  a distributed  force  along  the  panel  boundaries  (1)“.  In  Fig.  4, 
as  before,  the  absorber  beams  are  considered  to  supply  both  the  absorber 
stiffness  and  damping. 

Graphical  or  tabular  design  information  has  been  provided  for  the  fore- 
going dynamic  absorbers  in  each  situation  analyzed;  thus,  curves  showing 
optimum  values  of  the  absorber  tuning  ratios  and  damping  have  been  plotted 


Numbers  in  brackets  designate  references  at  end  of  paper. 
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versus  the  mass  ratio  M2/Mp  M,/Mg,  or  M^/Mp.  Analyses  have  been  made  through- 
out from  the  Bernoulli-Euler  beam  theory  and  from  the  thin-plate  equation  with- 
out simplification.  The  results  of  transmissibility  calculations  have  been 
presented  in  several  of  the  situations  analyzed  to  emphasize  that  the  beamlike 
dynamic  absorbers  are  broadly  effective.  The  practical  realization  of  canti- 
lever beam  absorbers  is  addressed,  for  example,  in  [2]  - [5];  the  design  of 
cantilever  beam  absorbers  that  are  not  mass  loaded--so-called  "tuned  dampers"-- 
is  discussed  in  [6]  - [9], 


DOUBLE  CANTILEVER  ABSORBERS  ATTACHED  TO  A LUMPED  MASS-SPRING  SYSTEM 
Solid-Type  Absorber  Damping 

The  transmissibility  across  the  primary  system  of  Fig,  1 [equation  (1)] 
can  be  written  in  general  terms  as 

T = {{n^[R(y  - 1)  - p]  + 1}^  + n^’l^Cu  - D"  } . (2) 

where 

n = u)/u)^  (3) 

and 

p = Mj/(Mj  + M2)  . (4) 

In  these  equations,  R and  I are  the  real  and  imaginary  parts  of  the  normalized 
driving-point  impedance  22/31^^2  dynamic  absorber;  w is  angular  fre- 

quency, hereafter  referred  to  simply  as  frequency;  is  a reference  fre- 
quency introduced  for  convenience  such  that 

“o  “ '^l^f'^l  ^ ”2^ 


BMM..H.I..  M— ..  ...  - 


(5) 
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and 

- (2M  4 . (1  4 Y)Mb  . (6) 

where  M is  the  loading  mass  at  each  end  of  the  absorber  beam  of  mass  and 
length  2a.  (The  masses  M have  negligible  rotary  inertia  about  horizontal 
axes  that  are  perpendicular  to  the  beam.)  It  is  not  difficult  to  show  that 


(R  4 jl)  . 0 /(I  ♦ Y)(n  a)  . 


where 


(sh.c. 4ch. s. ) 4 2\(n*a)ch.c. 


(ch.c.4l)  4 Y (n*a) (sh.c . -ch. s. ) 


^(n  a) 


and 


(n  a) 


2 4 2 4 

(u  pa  /r  E ) 


(7) 


(8) 


(9) 


The  abbreviations  s.,c.,  sh.,  and  ch.,  represent  the  circular  and  hyperbolic 

*4.4  4 * 

functions  sin  n a,  cos  n a,  sinh  n a,  and  cosh  n a,  where  n is  the  complex 

beam  wavenumber  [101.  In  addition,  p is  the  beam  density,  r is  the  radius 

8 

of  gyration  of  the  beam  cross  section,  and 


E - E(1  4 j6^)  (10) 


is  the  complex  Young's  modulus  of  the  beam  material,  where  j * v'(- 1)  and  E 

is  the  real  part,  and  6^  is  the  ratio  of  the  imaginary  to  the  real  part,  of 

the  complex  modulus.  The  values  of  E and  are  assumed  to  be  frequency 

b 

independent  (beam  damping  of  the  solid  t>qie) , so  that  it  is  possible  to 
write  [10] 


(n  a) 


na/(l 


JV 


(p  4 jq'> 


(11) 


1 


where 


p.q  ■ ♦ nu 


■>  n‘j 


_i_* 

2/ir.  " : .-T  i\. 

r.  h 


“e  * “ • 


Finally,  the  wavemimbor  n and  the  freviuency  ratio  are  related  as  follows: 


. -S'"  . 

(ut  Ain 
a o 


where 


u)  • r 

a 8 


k.  2 
^ /a 
a 


is  the  frequency  at  which  the  absorber  is  tutuvi  to  resonate  (the  first  anti- 

resonant  frevpiency  of  the  beami  aiul  is  a number  that  is  dependent  on  the 

value  of  the  mass  ratio  » 2M/Mj^.  for  example,  = 0.v'<''002,  0.755'’S,  and 

0.620S1  when  > » S,  10,  and  20,  respectively;  other  values  of  N can  be  read 

a 

off  from  the  solid  curve  of  Fij;.  5 for  which  0 < y -i'- 

It  remains  to  specify  values  for  the  so-called  tuninc  ratio  ui  /ui  and 

for  the  dampinj;  factor  , which  are  design  parameters  of  the  absorber. 

Initially,  the  required  values  of  u'  /u*  have  been  taken  as  those  specified 

a o 

as  optimum  in  [lOl  for  absorbers  both  of  the  viscous  type  and  of  the  solid 
type  assumed  here;  namely. 


(lo  Ai)  1 
a o opt 
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For  each  value  of  Ui  the  required  optimum  value  of  6^^  has  been  taken  as  that 

for  which  the  two  peaks  in  the  resultant  transmissibi 1 ity  curve  [equation  (2)) 

lie  on  the  same  horizontal.  The  appropriate  values  of  (w  /u)  )*■  . and 

‘ 'a  o opt 

(6_)  are  plotted  in  Fie.  6 for  ease  of  reference.  Althouoh  ^ has 

' E opt  t K E opt 

been  determined  for  > = 10,  little  chance  in  (6_)  . or  T results,  for 

E opt  max 

example,  when  = 5 or  20. 

Representative  transmissibi 1 ity  calculations  are  plotted  on  a decibel 

scale  [20  loj’^^T(dB')  ] in  Fig.  7 as  the  solid  curves  for  which  u = 50/51, 

10/11,  5/6,  and  2/3  (M^/M^  = 1/50,  1/10,  1/5,  and  1/2,  respectively). 

Because  the  absorbers  are  tuned  and  damped  in  accordance  with  the  results 

of  Fig.  6,  transmissibi 1 ity  is  suppressed  s>-mmetrical ly  and  effectively. 

For  comparison,  the  dashed  curve  shows  the  transmissibil ity  at  resonance 

across  the  undamped  primary  system  alone  [M,  = 0). 

The  larger  values  of  M,/Mj  in  Fig.  6 are  accompanied  by  a requirement 

for  large  values  of  (S,.)  , which  mav  not  be  attainable  in  all  circumstances. 

L opt 

Hence,  an  alternative  design  approach  has  also  been  followed;  that  is,  the  more 

readily  attainable  values  of  5^^  = 0.1,  0.2,  0.5,  and  0.4  have  been  assigned 

to  the  absorber  in  turn.  Then,  for  each  value  of  M^/M^,  the  tuning  ratio 

u)^/u)^  has  been  varied  (/  t'p)  until  the  two  peaks  in  the  transmissibi  1 ity 

curve  again  lie  on  the  same  horizontal.  The  resultant  design  data  (y  = 10) 

appear  in  Table  1,  where  it  is  clear  that  significantly  increased  values  of 

T can  result  from  the  use  of  non-optimum  values  of  6_. 
max  ‘ E 


Experimental  Results 


The  effectiveness  of  various  dynamic  absorbers  with  viscous  damping  has 
been  confirmed  in  experiments  described  in  [11].  Companion  measurements  on 
absorbers  with  solid-t>-pe  damping  are  described  here.  Although  the  foregoing 
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theory  relates  to  an  internally  damped  homogeneous  absorber  beam,  it  has 
provided  reasonable  agreement  with  the  measured  performance  of  laminated 
absorber  beams  damped  by  viscoelastic  materials  in  configurations  that  in- 
volve either  the  shear  deformation  of  a central,  soft,  viscoelastic  layer, 
or  the  extensional .deformation  of  an  outer,  stiff,  viscoelastic  coating. 

The  vibration  of  such  damped  beams  and  plates  has  been  discussed,  for 
example,  in  [12]  - [18]. 

The  damped  beams  utilized  were  as  follows:  a beam  comprising  a 

1.59-mm  (1/16-in,)  thick  layer  of  Velbex  polyvinyl  chloride  (British 

Industrial  Plastics)  sandwiched  between  two  1.59-mm  thick  steel  strips, 

and  a coated  beam  comprising  a 3.97-mm  (5/32-in,)  thick  layer  of  LD  400 

damping  tile  (Lord  Manufacturing  Company)  bonded  to  a single  3,18-mm 

(1/8-in.)  thick  steel  strip.  It  was  essential  that  the  central  layer 

of  the  sandwich  beam  be  left  free  to  deform  in  shear.  Consequently,  the 

absorber  masses  were  constructed  to  permit  the  two  outer  steel  strips  of 

the  beam  to  move  independently  of  one  another.  Their  design  is  shown  in 

Fig.  8 and  is  such  that  each  mass  clamps  to  the  top  steel  strip  only, 

thus  permitting  the  necessary  shearing  deformation  of  the  central  layer. 

To  facilitate  absorber  tuning,  adjustable  clamping  screws  enabled  the 

masses  to  be  repositioned  anywhere  along  the  beam.  The  same  masses  were 

used  to  load  the  coated  beam.  The  damping  factors  of  the  sandwich  and 

coated  beams  were  6_  = 0.29  and  0.17,  respectively;  the  mass  ratios 
b 

y = Mj/(Mj^  + M2)  = 5/6  and  y = 2M/M^  = 30  in  both  cases. 

Transmissibility  calculations  made  from  Eq.  2 for  the  foregoing  values 

of  y = 5/6,  Y = 30,  6^  = 0.29  and  0.17,  are  plotted  in  Fig.  9 as  the  solid 

and  dashed  curves.  Equal  transmissibility  maxima  were  obtained  in  these 

curves  by  adjusting  the  absorber  tuning  ratio  to  the  values  o)  /w  = 0.968 

a o 

and  0.988,  respectively.  The  results  of  transmissibility  measurements  made 
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with  the  absorber  beams  aiul  the  test  apparatus  described  in  [11]  are  plotted 

in  Kij{.  10.  Good  agreement  is  noted  between  the  measiireil  data  and  the 

theoretical  curves--which,  it  should  be  recalled,  relate  to  homogeneous 

absorber  beams  with  internal  damping.  For  the  sandwich-beam  absorber,  the 

values  of  T ■ 11.9  dB  and  T ■ .^.7  dB  compare  with  the  predicted  values 
max  min  ' 

of  T ■ 12.8  dB  and  T . » 4.5  dB;  for  the  coated  beam  absorber,  the 

max  min 

values  of  T - 15.4  dB  and  T . * 0.5  dB  compare  with  the  predicted 

max  min  ' ‘ 

values  of  T " 10.4  dB  and  T . *0  dB.  Again,  for  the  sandwich-  and 

max  min 

coated-be.im  absorbers,  the  tuning  ratios  * 0.9.^o  and  0.905  reipiired  to 

achieve  equal  transmissibi 1 ity  maxima  agree  reasonably  well  with  theory, 

differing  by  approximately  and  8.41.  from  their  predicted  counterparts 

o)  /w  ■ 0.9o8  and  0.988. 
a o 

To  conclude,  note  that  the  performance  of  the  sandwich-beam  absorber 
was  unimpaired  when  the  polyvinyl  chloride  (rvO  layer  in  the  small  central 
clamped  region  of  the  beam  (Fig.  1)  was  replaced  by  a steel  insert  [19]-- 
to  avoid  undue  lateral  bulging  of  the  TVC  and  the  possible  failure  of  the 
PVC/n>eta  1 - interface  bonds.  Further,  note  that  the  performance  of  the 
absorber  was  comparable  to  that  of  the  conventional  dynamic  absorber 
(p  ■ 5/0)  examined  in  [ll]  because,  although  the  t ransmi ss ibi I i ty  maxima 
wore  1.4  dB  greater  here,  the  intervening  transmissibi I ity  minimum  was 
more  than  5 dB  lower  than  observed  previously. 

Viscous  Abso r bt' r Pamping 

Consider  now  the  dynamic  absorber  configuration  of  Fig.  .'(a),  where 
the  mass- loaded  absorber  beam  remains  as  in  Fig.  1 but  is  assumed  to  have 
only  a .small  internal  damping  factor  (1^,  =*  O.OI.  Consequently,  supplemental 
damping  has  been  introduced  in  the  form  of  dashpots  that  link  the  concentrated 
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absorber  masses  M to  the  primary  mass  M . A damping  ratio  6 is  appropriately 

A K 

defined  as 

' n/n^.  , (17) 

where  n is  the  coefficient  of  viscosity  of  each  dashpot  and 

n = 2Mu)  . (18) 

c a 

The  general  transmissibility  equation  (2)  and  the  related  equations  (3)  - 

* 

(15)  are  directly  applicable  here,  except  that  the  parameter  6 of  equation  (8) 
has  to  be  redefined  as 

0*  = (Num.)/(Den.)  , (19) 

where 

(Num.)  = {2(n  a) [(3  ch.c.-2  ch.-2  c.+l)  + Y(n  a) (sh.c.-ch.s.) ] 

* * 

+ A [(sh.c.+ch.s.)  + 2Y(n  a)ch.c.  (20) 

and 


r * * * 

(Den.)  = {2(n  a) (sh.c.-ch.s.)  + A [(ch.c.+l)  + Y(n  a) (sh.c.-ch.s.) 


i 


where  and  6^^  are  design  parameters  of  the  absorber.  The  values 

adopted  for  5 are  those  established  as  optimum  in  [10]  for  conventional, 
viscously  damped  absorbers;  namely. 


where 


'Vopt  ” IWSHl-u)!** 

= (3/8)  Cl-p)]’^  * (1*V)^] 


V 


3 


1*5 


1 - y 
1 + y 


(23) 


(24) 


The  companion  values  of  (‘‘^^^'^^o^opt  been  taken  as  those  for  which  the 

two  peaks  in  the  resultant  transmissibility  curve  again  lie  on  the  same 
horizontal.  The  appropriate  values  of  (<*^a/<^o^opt  ^*^R^opt 

in  Table  2,  which  shows  that  the  resultant  values  of  T fall  slightly 
below  those  tabulated  previously  for  the  absorbers  of  Fig.  1.  Although 
the  new  data  were  obtained  for  a value  of  the  mass  ratio  y = 2M/M^  = 10, 
only  modest  changes  in  T^^^  were  observed,  for  example,  when  y = 5 and  20. 


2,  CLAMPED-CLAMPED  BEAM  ABSORBERS  ATTACHED  TO  A LUMPED  MASS-SPRING  SYSTEM 

i i 

Solid-Type  Absorber  Damping 

It  is  fortunate  that  the  transmissibility  across  the  dynamic  absorber 
system  of  Fig.  2 is  again  predicted  by  equation  (2)  and  that  equations  (3)  - ] 

(15)  remain  relevant  with  the  exception  of  equations  (6)  and  (8),  which  j 

i: 

i 

i 


become 
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”2  * = (1  ♦ Y)  Mj, 


(25) 


where  M is  the  single,  central  mass  that  now  loads  the  clamped-c lamped 
absorber  beam  of  mass  and  length  2a,  and 


* 

0 = 


2 sh.s.  * Y(n*a) (sh.c. ♦ch. s.) 
(sh.c.+ch.  s. ) Y(n*a)  (ch.c. -1) 


(26) 


(n*a) 


Although  equation  (14)  is  unchanged,  new  values  of  N = 1.22252,  1.03712, 

3 


and  0.87607,  replace  those  previously  cited  when  y = 5,  10,  and  20;  like- 


wise, these  values  of  must  be  adopted  when  the  mass- loaded  absorber  beam 


is  designed  via  equation  (15)  to  resonate  at  the  prescribed  frequency  ui  . 


Other  values  of  N are  specified  by  the  dashed  curve  of  Fig.  5. 

3 


As  was  true  for  the  double-cantilever  absorbers  of  Fig.  1,  values  of 


the  tuning  ratio  o)  /to  [equation  (14)]  have  been  taken  as  those  given  by 
3 O 


the  simple  equation  (16),  and  the  required  values  of  the  absorber  damping 


factor  (5^)  have  been  taken  as  those  yielding  equal  ma.xima  T in 
^ E opt  6 1 n,ax 


the  resultant  transmissibility  curve.  It  is  an  advantage  that,  when 
Y = M/M,  = 10,  the  values  established  for  (5„)  ^ and  T are  essentially 
equal  to  those  listed  in  Table  1 for  the  absorbers  of  Fig.  1 under  the 
heading  of  "Optimum  Tuning,"  Because  (*Sg)Qp^.  and  differ  in  value 


from  the  data  of  Table  1 by  less  than  - 0.3  and  0.6%,  respectively,  they 
have  not  been  tabulated  separately. 


Viscous  Absorber  Damping 

Attention  is  now  given  to  the  dynamic  absorber  of  Fig.  3(b).  Here, 


the  clamped- clamped  absorber  beam  has  only  slight  internal  damping  (5  = 

E 


0.01)  and  additional  damping  has  been  introduced  by  a dashpot  having  a 
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I 


coefficient  of  viscosity  n that  links  the  central  loading  mass  M to 
In  this  configuration,  all  equations  pertaining  to  the  absorber  with  no 

dashpot  (Fig.  2)  remain  relevant  with  the  exception  of  equation  (26)  for 

* 

0 , which  becomes 


* E / ^ A - 2(n*a)[o  ■»  (sh.c . -t-ch,  s. ) - 2(sh.-»s.)]  \ 

^ o A - 2(n*a) (ch.c.-l)  (n*a) 


(27) 


where 


* * 

t ••  [2  sh.s.  + Y(n  a)  (sh.c .+ch.s. ) 1 , 


a*  = [(sh.c.+ch.s.)  + Y(n*a) (ch.c. -1) ] , 


(28) 


(29) 


and,  as  before. 


A*  jn 


(30) 


where  the  damping  ratio  6 = (n/n  ) = n/2Mu)  . 

The  values  adopted  for  in  equation  (30)  are  those  drawn  from  [10]  and 
specified  by  equation  (23)  as  optimum  for  the  viscously  damped  absorber  of 
Fig.  3(a).  Likewise,  the  companion  values  of  Ji^'ve  been  determined 

as  those  for  which  peaks  of  equal  magnitude  appear  in  the  transmissibi 1 ity 

curve.  It  is  again  an  advantage  that  the  values  of  (tu  /ai  ) and  T coincide, 
with  less  than  - 0.2  and  ♦ 0.5%  discrepancy,  with  those  values  set  forth  in 
Table  2 for  the  dynamic  absorber  of  Fig.  3(a). 
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SINGLE-CANTILKVER  ABSORBER  ATTACHED  TO  A STANCHION 

* 2 2 * h 

A stanchion  of  complex  wavenumber  n^  = (w  • height  Jl^,  and 

mass  Mg,  is  shown  in  Fig.  4(a).  A horizontal  ground  force  F2  is  produced 
by  a horizontal  driving  force  F^  applied  to  the  free  end  of  the  stanchion, 
which  is  almost  undamped.  Because  F2  becomes  untenably  large  at  the  funda- 
mental resonance  of  the  stanchion,  a cantilever  dynamic  absorber  of  complex 
* 2 2 * h 

wavenumber  n2  = (w  P2/^g2^2^  ’ ^2’  n>ass 

^’2  = ^l^S 

= (M  4 M^)  = (1  + Y)^tb  (31) 

has  been  attached  to  the  driving  point.  Here,  M is  the  mass  that  loads  the 

* 

absorber  beam  of  mass  and  p^,  r^^,  and  E^  = E^(l  + J'Sg^).  are  the  density, 
the  radius  of  gyration  of  the  cross  section,  and  the  complex  Young's  modulus, 
of  the  stanchion  (i  = 1)  and  of  the  absorber  beam  (i  = 2).  As  before,  it 
is  convenient  to  write 


"i^i  “ ^Pi 

where  p^  and  are  defined  by  equation  (12)  in  which  the  product  na  has  been 
replaced  by  in  addition,  equation  (13)  becomes 


“Ei  ■ » * 


where  6gj  = 0.01,  and  appropriate  values  of  6^2  have  yet  to  be  determined. 

The  transmissibility  T = |F2^PiI  ^‘^’“oss  the  stanchion,  and  the  relation 
between  the  dimensionless  products  n^£j  and  ^2^2’  expressed  as 

follows: 
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(ch.-*-c. ) 


[(ch.c.^l)  ♦ Q (iijUj)  (sh.c.-ch.s.)  ] 


(n|£j) 


and 


(34) 


(n2l2)‘ 


(N  /N  ) , 

(u)  /o)  ) 


(35) 


where 


0 


^1 


(1  + Y)(n2<-2) 


(sh.c.+ch.s.)  ♦ 2Y(n,(l2Hch.c.) 
(ch.c.  + l)  + Y(n2i!.2)  (sh.c.-ch.s.) 


(36) 


In  equation  (35),  ui^  is  the  fundamental  resonant  frequency  of  the  stanchion 
for  which  = 1.87510,  is  the  frequency  to  which  the  dynamic  absorber  is 
tuned,  and  the  companion  values  of  N are  again  specified  by  the  solid 
curve  of  Fig.  5 (in  particular,  = 0.87002  for  the  value  of  y = ^ 

considered  here).  To  obtain  the  required  value  of  the  cantilever  dynamic 
absorber  can  be  designed  from  the  equation 

Prior  experience  with  conventional  dynamic  absorbers  attached  to  dis- 
tributed mechanical  systems  [l0,20]  indicates  that  optimum  values  of 
(oj^/to^)  and  5p2  can  be  determined  by  comparing  the  transmissibility  calculated 
from  equation  (34)  and  the  transmissibility 
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(ch.-»c.) 

((ch.c.+l)  + (sh.c.-ch.s.) 1 


(38) 


(njij) 


that  is  obtained  when  the  absorber  is  replaced  on  the  stanchion  by  a lumped 
mass  equal  to  the  absorber  mass  M2.  The  transmissibil ity  curves  have  two 


points  of  intersection,  which  are  adjusted  by  varying  (u)  /u)  ) until  they  lie 

d ni 


on  the  same  horizontal  when  6^^  = 6^2  “ 0-  tuning  ratio  is  then  said 


to  have  attained  its  optimum  value  corresponding  value  of 


^^E2^opt  taken  as  that  for  which  the  transmissibi lity  maxima  adjacent 
to  the  points  of  intersection  also  become  equal  in  level  when  6^^  = 0.01. 


Values  of  fw  /w  ^ and  (5_-)  ^ that  have  been  determined  in  the 


'a'  m'opt  ' E2  opt 
foregoing  way  are  plotted  in  Fig.  11  for  values  of  the  mass  ratio 


Values  of  ('5£2^opt  *^®tcrmined  for  greater  mass  ratios  are  not  shown  because 


they  become  unrealistically  large.  Rather,  the  damping  factor  has  been 


assigned  the  constant  values  of  6^2  ~ 0.4,  0.6,  and  0.8,  in  turn,  and  the 


corresponding  quasi-optimum  values  of  the  tuning  ratio  have  been 


determined  as  those  for  which  peaks  of  equal  height  T^^^  again  occur  in 


the  transmissibility  curve.  These  values  are  plotted  in  Fig.  11  as  the  solid, 
dashed,  and  chain  curves,  respectively.  Although  the  resultant  maximum 


transmissibility  is  greater  when  M2/Mg  is  large  than  it  would  otherwise 


be,  the  increase  is  not  excessive,  as  the  data  of  Table  3 show. 

Representative  calculations  of  transmissibility  that  have  been  made 
from  equation  (34)  are  plotted  in  Fig.  12  as  a function  of  the  dimensionless 


quantity  which  is  proportional  to  ✓w.  The  cantilever  absorber  is  20% 


as  massive  as  the  stanchion  (y^  = 0.2).  Two  cases  have  been  considered: 

(1)  the  absorber  has  the  quasi-optimum  tuning  ratio  (lo  /a*  ) = 0.764  and 

am 

the  damping  factor  6^2  “ (solid  line),  and  (2)  the  absorber  has  optimum 
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tuning  and  damping  for  which  ® 0.618  ('^£2^opt  * 1-158  (chain  line). 

The  corresponding  values  of  are  4.51  and  3.02  (13.1  and  9.6  dB) , both 

of  which  lie  substantially  below  the  value  of  T = 157  (44  dB)  observed 

when  no  absorber  is  attached  to  the  stanchion  (dashed  curve).  It  is  an 
advantage  that  the  stanchion  resonances  at  higher  frequencies  have  also  been 
partially  suppressed  by  the  absorbers,  particularly  the  third  resonance. 


DOUBLE  CANTILEVI^R  ABSORBER  ATTAQIED  TO  A RECTANGUUR  PANEL 

Finally  considered  is  the  transmissibility  T across  the  rectangular 
panel  of  Fig.  4(b)  that  has  sides  of  lengths  u and  v,  and  mass  Mp.  The 
central  double  cantilever  absorber  lies  parallel  to  the  longer  side  u and 
is  identical  to  the  absorber  of  Fig.  1,  having  the  same  length  2a,  beam 
mass  M^,  mass  ratio  y = and  total  mass  = (1  + Y)M^  as  before. 

The  impressed  force  F^  is  located  at  some  arbitrary  distance  (h^,hy)  from 
coordinate  axes  x,y  that  coincide  with  one  pair  of  adjacent  panel  sides 
u and  V.  It  can  be  verified  that 


^1"  » 

y-G*  - (R  + jl)‘^ 


where  R and  I are  the  real  and  imaginary  parts  of  the  normalized  driving- 
point  impedance  of  the  absorber  (equation  (7)]  and 


00  oo 


k*l,3,5,...  m=l,3,5,... 


(h  ,h  ) 

,m  X y 


I 

I 

I 


00  «o 

Z E 

k*=l,3,5,...  in=l,3,5,... 


(0-1) 


2 * 

IT  kmX 
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(41) 


and 


oo  o» 


(0-1) 


)c^  • • • in^  • • • 


z z 

k»l»3,5,...  m=l,3,5,. 


* * 


Yl  ' M2/Mp  . 


In  these  equations. 


* * 4 

A « ((0  ) - 1]  . 


= sin  kTT(h^/u)  sin  imi(hy/v) 


2 2 2 h 

0*  . Ttlk^  ^ m^(u/v)^r 

n^u 


and 


0 » (k  ♦ m)/2 


(42) 


(43) 


(44) 


(45) 


(46) 


(47) 


(48) 


an  integer  that  should  not  be  confused  with  the  complex  parameter  0 utilized 
in  previous  Sections. 


■» 
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The  wavenumbers  and  n^  of  the  panel  and  dynamic  absorber  are  related 


as  follows: 


, ,2  (W  , ,2 

<V>  ■ („  -U  1 '"1“' 


(49) 


a m 


where  is  th®  fundamental  resonant  frequency  of  the  panel  for  which 


2 2 h 

N = tt(u  -t-  V ) /v 

n 


(50) 


and  u)  is  again  the  absorber  frequency  for  which  N = 0.62051  when  y = 20, 
a a 


the  value  assumed  here.  Other  values  of  N are  predicted  by  the  solid  curve 


of  Fig.  5.  Finally,  the  complex  wavenumbers  n^  and  n.,  are  conveniently 
expressed  as 


n^u 


(Pi  - 


jqi) 


(51) 


and 


n^a 


= (p,  ♦ 


(52) 


where  p^  and  q^,  and  p.,  and  q,,  are  given  by  equation  (12)  in  which  the  product 
na  has  been  replaced  by  n^u  and  n^a,  respectively.  The  corresponding  damp- 
ing factors  (equation  (13)]  are  5^^  and  5^2- 


Optimum  values  for  the  absorber  tuning  ratio  ^nd  damping  factor 


6^2  have  been  chosen  by  following  the  approach  described  in  the  preceding 


Section.  However,  transmissibility  calculations  made  from  equation  (39) 
have  now  been  compared  with  a reference  transmissibility 


T = |E  /(I  - YjH  ) 


(53) 
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that  pertains  when  the  absorber  is  replaced  on  the  panel  by  a lumped  mass 

equal  to  the  absorber  mass  driving  force  is  centrally 

located.  The  resultant  optimum  values  of  absorber  tuning  and  damping  for 

a rectangular  panel  with  v = u/2  and  = /S  n are  plotted  in  Fig.  13. 

Because  unrealistically  large  values  of  ('5£2^opt  called  for  when 

M^/Mp  > 0.15,  they  have  been  omitted;  rattier,  the  damping  factor  has  been 

assigned  values  established  previously  as  optimum  when  the  absorber  was 

attached  to  the  lumped  primary  system  of  Fig.  1.  It  is  these  quasi-optimum 

values  of  6^,2  that  are  plotted  in  Fig.  13  when  M2/Mp  > 0.15,  although  the 

damping  factor  could  again  have  been  assigned  constant  values,  as  in  Fig.  11. 

The  corresponding  values  of  /w  ) have  once  more  been  taken  as  those 
^ ^ '•a  m opt 

for  which  peaks  of  equal  height  (Table  4)  appear  in  the  transmissibility 

curve. 

In  conclusion.  Fig.  14  compares  transmissibility  calculations  (solid 
and  chain  curves)  made  for  double  cantilever  absorbers  that  are  5 and  50% 
as  massive  as  the  panel,  which  is  assumed  to  be  centrally  driven.  The 
absorber  tuning  ratios  and  damping  factors  are  “ 0.870  and 

(<5r-i)  ^ = 0.584,  and  at  /u)  = 0.554  and  6_-  = 0.940,  respectively.  The 

transmissibility  without  the  dynamic  absorbers  is  that  shown  by  the  dashed 
curve.  In  all  cases,  the  panel  damping  factor  6^^  = 0.01.  It  is  evident 
that  the  fundamental  panel  resonance  has  been  suppressed  effectively  and 
symmetrically  by  the  absorbers,  and  that  the  panel  resonances  at  higher 
frequencies  have  also  been  suppressed  to  some  extent,  particularly  by  the 
heavier  absorber,  which  has  the  larger  damping  factor. 

Although  the  peak  values  of  transmissibility  at  the  fundamental  panel 
resonance  become  unequal  and  different  from  T if  the  panel  is  driven 
noncentral ly,  they  remain  far  smaller  than  the  peak  value  of  T = 162  (44  dB) 
observed  when  the  absorbers  are  absent.  Further,  the  potential  advantage 
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exists  that  the  excitation  of  any  subsequent  panel  resonance  can  be  avoided 
if  the  noncentral  force  is  located  at  any  point  on  a nodal  line  of  the 
particular  mode  of  concern  [1]. 
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FIGURE  LEGENDS 

Vibrating  system  with  springs  of  total  stiffness  Kj  and  mass 
to  which  is  attached  a double  cantilever  dynamic  absorber  of 
mass  M^. 

Vibrating  mass-spring  system  with  a clamped- clamped  beam  absorber. 

Vibrating  mass-spring  system  (a)  with  a viscously  damped  double 
cantilever  absorber,  and  (b)  with  a viscously  damped  clamped- 
clamped  beam  absorber. 

(a)  Single  cantilever  absorber  attached  to  an  end-driven  stanchion, 
and  (b)  section  through  a double  cantilever  absorber  attached  to  a 
rectangular  panel  driven  at  an  arbitrary  point. 

Values  of  the  dimensionless  parameter  for  the  double  and  single 
cantilever  absorbers  of  Figs.  1 and  4(a)  (solid  curve),  and  for 
the  clamped -clamped  beam  absorbers  of  Fig.  2 (dashed  curve). 

Values  of  the  optimum  damping  factor  and  of  the  square  of  the 
optimum  tuning  ratio  for  the  double  cantilever  absorber  attached 
to  the  mass-spring  system  of  Fig.  1.  Mass  ratio  y = 2M/M^  = 10. 

Transmissibility  across  the  mass-spring  system  of  Fig.  1 with 
double  cantilever  absorbers  tuned  and  damped  as  specified  in 
Fig.  6.  Absorber  mass  ratios  y = 50/51,  10/11,  5/6,  and  2/3 
(M^/Mj  = 1/50,  1/10,  1/5,  and  1/2). 

Laminated  absorber  beam  with  a loading  mass  that  clamps  to  only 
one  of  the  outer  steel  strips,  thus  leaving  the  central  visco- 
elastic (PVC)  layer  free  to  shear. 
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FIGURE  LEGENDS  --  CONTINUED 

Fig.  9 Transmissibi 1 ity  across  the  mass-spring  system  of  Fig.  1 when  the 
mass  ratios  y = 5/6  and  y = 30.  For  the  solid  and  dashed  curves, 
the  absorber  damping  factors  6^  = 0.29  and  0.17,  respectively. 

Fig.  10  Measured  transmissibility  across  the  mass-spring  system  of  Fig.  ICb) 

when  y = 5/6  and  y = 50.  Solid  curve  refers  to  a PVC  sandwich  beam 

(Fig.  8)  for  which  6^^  = 0.29;  the  dashed  curve  refers  to  a LD  400 

coated  beam  for  which  6 = 0.17. 

b 

Fig.  11  Values  of  the  optimum  damping  factor  and  of  the  square  of  the 

optimum  tuning  ratio  for  the  single  cantilever  absorber  attached 
to  the  stanchion  of  Fig.  4(a).  Mass  ratio  y = M/Mj^  = 5. 

Fig.  12  Transmissibility  across  the  stanchion  of  Fig.  4(a)  with  the  single 
cantilever  absorber  tuned  and  damped  as  specified  in  Fig.  11. 
Absorber  mass  ratio  Yj  = ^2^^'s  ” curves,  the 

stanchion  damping  factor  5^^  = 0.01;  for  the  dashed  curve,  = 0- 

Fig.  13  Values  of  the  optimum  damping  factor  and  of  the  square  of  the 

optimum  tuning  ratio  for  the  double  cantilever  absorber  attached 
to  the  panel  of  Fig.  4(b)  when  the  panel  is  driven  centrally. 

Mass  ratio  y = 2M/M^  = 20. 

Fig.  14  Transmissibility  across  the  panel  of  Fig.  4(b)  with  the  double 
cantilever  absorber  tuned  and  damped  as  specified  in  Fig.  13. 
Absorber  mass  ratio  y^  = 0.05  and  0.5.  For  all  curves,  the 
panel  damping  factor  6^^  = 0.01;  for  the  dashed  curve,  y^  = 0. 
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